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The Monte-Carlo estimate of U is

Û =
V

N

N∑
i=1

∥xi∥2 , (12)

where x1, . . . ,xN are N independent random vectors uni-
formly distributed in the Voronoi region of Λ.

To estimate var Û , we first note that since the vectors
xi are independent and identically distributed, var Û =
(V 2/N) var∥x∥2, where x is a single random vector with
the same distribution as xi. Therefore, our estimate of var Û ,
denoted by v̂ar Û , is defined by

v̂ar Û = (V 2/N) v̂ar∥x∥2 . (13)

Applying the standard unbiased variance estimator of var∥x∥2

v̂ar∥x∥2 =
1

N − 1

N∑
i=1

(
∥xi∥2 − Û/V

)2
(14)

in (13) yields

v̂ar Û =
1

N(N − 1)

N∑
i=1

(
V ∥xi∥2 − Û

)2
=

1

N − 1

(
V 2

N

N∑
i=1

∥xi∥4 − Û2

)
(15)

or after normalization as in (4)

Ĝ =
Û

nV 1+2/n
, (16)

v̂ar Ĝ =
v̂ar Û

(nV 1+2/n)2
. (17)


